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The Work of Alain Connes

Theory of operator algebras, after being quietly nourished in somewhat
isolation for 30 years or so, started a revolutionary development around
late 1960%. Alain Connes came into this field just when the smokes of
the firgt stage of the revolution were settling down. He immediately led
the field to breathtaking achievements beyond the expectation of experts.

His most remarkable contributions are: (1) general classification and
a structure theorem for factors of type III, obtained in his thesis [12],
(2) classification of automorphisms of the hyperfinite factor [29], which
served as a preparation for the next contribution, (3) classification of
injective factors [31], and (4) applications of the theory of O*-algebras
to foliations and differential geometry in general [44, B0] — a subject
currently attracting a lot of attention.

In this report, I shall mostly concentrate on the first three aspects
which form a well-established and most spectacular part of the theory
of von Neumann algebras.

1. Classification of type III factors

In the latter half of 1930’s, Murray and von Neumann initiated the study
of what are now called von Neumann algebras (i.e. weakly closed *.gub-
algebra of the *-algebra L(H) of all bounded linear operators on a Hilbert
space H) and clasgified the factors (i.e. von Neumann algebras with trivial
centers) into the types I,, » =1,2,..., and I, (isomorphic to L(H)
with dimH = » and oo), II,, IT, and ITL. (In the following we restrict
our attention to von Neumann algebras M on separable Hilbert spaces H.)
QOnly three type III factors (and only threec type II, factors) had been
known to be mutually non-isomorphic till 1967, when Powers showed
the existence of a continuous family of mutually non-isomorphie type
IIT factors.

$ — Proceedings... [3]
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Traces provided a tool for a systematic analysis of type II factors
at an earlier stage, while the non-existence of traces made type III factors
remain untractable till late 1960’s, when the Tomita—Takesaki theory
was created and furnished a powerful tool for type III. To introduce
notation, let M be a von Neumann algebra on a separable Hilbert space
H and let ¥ € H be cyclic (i.e. MY be dense in H) and separating (i.e.
such that #¥ = 0 for # e M implies # = 0). The conjugate linear operator
Seo¥ = o*V, w e M, Has a closure S, and defines the positive selfadjoint
operator 4y = S8y, called the modular operator. The Tomita~Takesaki
theory says that # € M implies of(¢) = A%w43" € M. The one-parameter
group of (*-)automorphisms ¢f of M depends only on the positive linear
functional y(z) = (#¥, ¥) and is called the group of modular automor-
phisms.

Connes [12] has shown that the modular automorphisms for different
v’s are mutually related by inner automorphisms (in other words, the
independence of of from ¢ in the quotient Out M of the group AutIf
of all automorphisms modulo the subgroup Int M of all inner automor-
phisms) and introduced the following two isomorphism invariants for M

S(M) =\ Spdy (Sp denotes the spectrum),
-4

T(M) = {teR: of eIntM}.

(In a more general case, S(M) = (") Sp4,, where the intersection is
taken over faithful nmormal semifinite weights y.) It turns out that
S(M)\{0} is a closed multiplicative subgroup of R, and this leads to
the classification of type III factors into the types IIL;, 0 <A< 1:

8(M) = {i*: ne ZYU{0} if 0<i<1,

»

8(M) ="R% ifa=1, S(M)={0,1} if2=0.

The Powers éxamples R;, 0 <1<1, due to Powers, are of types
IIT, and hence mutually non-isomorphie. The two invariants r,(M) and
o(M) of Araki and Woods, introduced for a systematic classification of
infinite tensor products of type I factors (including R;), are shown to
be equivalent to S(M) and T'(M) for them [T7].
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2. Structure analysis of type I factors

Connes [12] went on and succeeded in analysis of the structure of type
10T, factors M, 0<A<1, in terms of a type Il von Neumann algebra
N (with a non-trivial center) and an automorphism 6 of N, such that M
is the so-called crossed product NX,Z of N by 6.

For 0 < 1< 1, 0 should seale a trace v of a type IT, factor N in the
sense that v(0w) = Av(@) for all we N, and N;X,Z, ¢ = 1,2, are iso-
morphie if and only if there exists an isomorphism = of N, onto NV, such
that 7! 0,67 is inner, or equivalently (in view of a later resnlt of Connes
and Takesaki), #0, 7" = 6,. This means that the pair (N, 6) is uniquely
determined by M and the classification of M is reduced to that of the
pair (N, 0).

For 4 = 0, 0 should scale down a trace 7 of a type II, von Neumann
algebra N in the sense that z(0w) < ¢v(») for all ® e NV, for some p< 1
and, again, there is a somewhat more complicated uniqueness result
for the pair (N, 0).

Motivated by the above results of Connes, a general structure theorem
including the type III, has been obtained by Takesaki in terms of a one-
parameter group 0; of trace-scaling automorphisms of a type II, von
Neumann algebra N,

In the process of developing the above classification and structure
theory, Connes introduced two important technical tools, namely the
unitary Radon-Nikodym cocycle (equivalently, relative modular oper-
ators) useful in application to quantum statistical mechanics, non-com-
mutative L, theory, etc., and the Connes spectrum useful in the analysis
of 0* dynamical systems.

3. Classification of automerphisms of the hyperfinite factor

A von Neumann algebra, containing an ascending sequence:"of finite-
dimensional subalgebras with a dense union, is called approwimately
Jinite-dimensional (AFD). AFD factors of type II;, as shown by Murray
and von Neumann, are all isomorphic to what is called the hyperfinite
factor, denoted by B in the following. Connes [29] has given a complete
classification of automorphismg of B modulo inner automorphisms (i.e.
the conjugacy class of Out.R). Namely, a complete set of isomorphism
invariants in Out B for an a e Aut R is given by the pair of the outer
period p (= 2, 3, ...), which is the smallest p > 0 such that o is inner,
defined to be 0 for outer aperiodic o, and the obstruction » which is the
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p-th root of 1 (1 for p = 0) such that o« = AdU, o(U) = yU, where
(AdU)(x) = UxT*. Although the result is about a specific R, this factor
R is in the bottom of all known AFD factors and the result that outer
aperiodic automorphisms of R are all conjugate up to inner automorphisms
'is essential for the results described in the next section.

As a by-product, Connes [23] solved negatively one of old problems
on von Neumann algebras by exhibiting, for each 0 <1< 1, factors
of type III,, not anti-isomorphic to themselves.

4. Classification of AFD factors

A complete clagsification of AFD factors of type III,, 4 # 1, is what I
consider the most distinguished work of Connes. It turns out that an
AFD factor of type ITI, is unique and is isomorphie to B, foreach 0 < 1 < 1,
while AFD factors of type ITI, are isomorphic to Krieger’s factors asso-
ciated with single non-singular ergodic transformations of the Lebesgue
measure space, their isomorphism classes being in one-to-one correspon-
dence with the metric equivalence classes of non-singular non-transitive
ergodic flows on the Lebesgue measure space.

One of the most important technieal ingredients of the proof is the
equivalence of various concepts about a von Neumann algebra which
arose over years in theory of von Neumann algebras. Murray and von
Neumann found a factor N of type II; non-isomorphic to R (distinguished
by Property T'). In 1962, Schwartz distinguished N, R and NQRE by
the following Property P: A von Neumann algebra M on a Hilbert space
H has the property P iff for any T e L(H), the norm closed convex hull
of the uTw* with % varying over all unitary operators in M intersects
M’'. Any AFD factors posseses Property P.

The Property P for M implies the existence of a projection of norm 1
from L(H) to M’'. This is the Hakeda—Tomiyama extension property
for M’, called Property E by Connes, and is stable under taking the in-
tergsection of a decreasing family, the weak closure of the union of an
ascending family, the commutant, tensor products and crossed product
by an amenable group. Thus the Property P implies Property B for M.

Any projection B of norm 1 from a (*-algebra %, to its subalgebra
A, is shown by Tomiyama to be a completely positive map satisfying
the property of the conditional expectation: H(axb) = aH(x)b for any
a,b e, and wveW,. A 0*algebra U with unit is called injective if any
completely positive unit preserving linear map 0 from U into another

~



The Work of Alain Connes . 7

O*-algebra B with unit has an extension 8 to any O*-algebra 9, containing
o as a completely positive unit preserving linear map from 9, into B.
A von Neumann algebra M ig injective if and only if it has Property H.

Effros and Lance called a von Neumann algebra M semidiscrete if
the identity map from M into M is a weak pointwise limit of completely
positive maps of finite rank and proved that M is injective if it is semi-
digcrete.

Connes [31] unified all these concepts by showing that they are all
equivalent. The core result is the isomorphism of all injective factors
of type II, to the unique hyperfinite factor R; it is established by a highly
involved and technical proof, utilizing a theorem on tensor products of
0*-algebras, the property I' of a factor which Murray and von Neumann
introduced to distinguish some factors, properties of Aut N and Int IV
of a factor I, the ultra product R® for a free ultrafilter w, an argument
analogous to Day—-Namioka proof of Felner’s characterization of amenable
groups, ete.

The uniqueness of injective factors of type I, then implies the unique-
ness of injective factors of type II,. Together with an earlier unique-
ness result for trace-scaling automorphisms of R®B(H) (exhibiting
the unique injective factor of type IIL,), it also implies the uniqueness
of injective factors of type III,, 0 < A < 1. With help of an earlier result
of Krieger, injective factors of type III,; are also completely classified by
the isomorphism class of the so-called flow of weight. Thus Oonnes succeed-
ed in a complete classification of AFD factors (which is asg much ag
saying injective factors) except for the case of type III;, which still
remaing open.

The work of Connes also shows that any continuous representation
of a separable locally compact group @ generates an injective von Neumann
algebra if GG, is amenable, where @, is the connected component of the
identity (in particular, if G is connected or amenable).

5. Other works

After his success in the almost complete classification of injective factors,
Connes turned his attention to application of operator algebras to differ-
ential geometry. Oonnes developed a non-commutative integration
theory, which provides a method of integration over a family of ergodic
orbits or over the set of leaves of a foliation. One gignificant outcome
of this theory is an index theorem for foliation. I am sure that this subject
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will rapidly develop much further. For survey of the present status, we
refer to [44], [60].

The works on positive cones [13] provide a geometric ehara.cterlzatlon
of von Neumann algebras through the associated natural positive cone
in the Hilbert space and lead to some applications.

A work connected with Kazdan’s property T [42] provides a simple
example of continuously many non-isomorphic factors of type II, and
answers a question of Murray and von Neumann about the fundamental
group of a factor of type II,.

I hope that I have conveyed to you some feeling about the incredible
power of Alain Connes and the richness of his contributions.
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